Tutorial on the Physics of
Complex Systems

Exersice 18 “Replica trick”

d)

Expand Z"(B, J) to O(B*) for ne {1, 2, 3, 4, 5}.

z[B_, j_] := 4Cosh[B]]

zn[n_] :=Series[z[B, j]|", {B, 0, 4}]
im0 Table[zn[n], {n, 1, 5}] // TableForm

QOut[10])//TableForm=

4+232 2+ 5 40(p1°

16 +16 32 82 + L1 4 0[5

64 +96 3% B2 +56 34 B* +0[B]°

256 +512 32 82 + 2L L 0[5

1024 + 2560 52 B2 + %Ogiiﬂomﬁ

j2

202]
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In[47]:= p[j_] t= Exp[—

VZJTOZ

averageZ[zz_] := j p[j] zz dj

©

Ihs contains (Z"(B, J)), for ne {1, 2, 3, 4, 5} approximated O(B*) like above.
oz~ lhs = Table[Refine[averagez[zn[n]], {Element[o, Reals|, o>0}], {n, 1, 5}];

TableForm[lhs]

QOut[44]//TableForm=
> (8+4p% 0%+ o)
16 (1+8%0%+p* o*)
8 (8+12p32 0% +21 B o)
256 (1+2 B2 0% +5 p* o)
128 (8+20 p% 0% + 65 B o)

rhs contains 22" + 22" 1 ng? B2 +22"3(3n-2) g* B* forne {1, 2, 3, 4, 5.
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rhs =Table[2’”+2?"'no®B%+ 2°°7n (3n-2) o*B*, {(n, 1, 5}]:
TableForm[rhs]
Out[42]//TableForm=
423 0% B
16 +16 B2 0% + 16 B% o4
64 +96 32 0%+168 3%t
256 +512 32 0% + 1280 B* o*
1024 + 2560 32 0% + 8320 B o*

o)~ Table[FullSimplify[lhs[[n]]] = FullSimplify[rhs[[n]]], {n, 1, 5}] // TableForm

QOut[46]//TableForm=
True
True
True
True
True

The expressions are identical, therefore (Z"(8, J)), = 22"+ 22" ng2 g2 +22"3(3n-2) g* B* up to
order O(B%).
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