
Tutorial  on the Physics of 

Complex Systems

Exersice 18 “Replica trick”

d)
Expand Zn(β, J) to Oβ4 for n ∈ {1, 2, 3, 4, 5}.

zβ_, j_ := 4 Coshβ j
zn[n_] := Serieszβ, jn, {β, 0, 4}

In[10]:= Table[zn[n], {n, 1, 5}] // TableForm

Out[10]//TableForm=

4 + 2 j2 β2 + j4 β4
6

+ O[β]5

16 + 16 j2 β2 + 16 j4 β4
3

+ O[β]5

64 + 96 j2 β2 + 56 j4 β4 + O[β]5

256 + 512 j2 β2 + 1280 j4 β4
3

+ O[β]5

1024 + 2560 j2 β2 + 8320 j4 β4
3

+ O[β]5

In[47]:= pj_ :=
1

2 π σ2
Exp- j2

2 σ2 

averageZ[zz_] := 
-∞
+∞
pj zz ⅆj

lhs contains 〈Zn(β, J)〉J for n ∈ {1, 2, 3, 4, 5} approximated Oβ4 like above.

In[43]:= lhs = TableRefineaverageZ[zn[n]], Elementσ, Reals, σ > 0, {n, 1, 5} ;
TableFormlhs

Out[44]//TableForm=

1

2
8 + 4 β2 σ2 + β4 σ4

16 1 + β2 σ2 + β4 σ4
8 8 + 12 β2 σ2 + 21 β4 σ4
256 1 + 2 β2 σ2 + 5 β4 σ4
128 8 + 20 β2 σ2 + 65 β4 σ4

rhs contains 22 n + 22 n-1
nσ2 β2 + 22 n-3 (3 n - 2)σ4 β4  for n ∈ {1, 2, 3, 4, 5}.
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rhs = Table22 n + 22 n-1 n σ2 β2 + 22 n-3 n (3 n - 2) σ4 β4, {n, 1, 5} ;
TableFormrhs

Out[42]//TableForm=

4 + 2 β2 σ2 + β4 σ4
2

16 + 16 β2 σ2 + 16 β4 σ4

64 + 96 β2 σ2 + 168 β4 σ4

256 + 512 β2 σ2 + 1280 β4 σ4

1024 + 2560 β2 σ2 + 8320 β4 σ4

In[46]:= TableFullSimplifylhs[[n]] ⩵ FullSimplifyrhs[[n]], {n, 1, 5} // TableForm

Out[46]//TableForm=

True

True

True

True

True

The expressions are identical, therefore 〈Zn(β, J)〉J = 22 n + 22 n-1
nσ2 β2 + 22 n-3 (3 n - 2)σ4 β4 up to 

order Oβ4.
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